Let π be a non-self-dual unitary cuspidal automorphic representation of non-solvable polyhedral type for GL(2) over a number field. We show that π has a positive upper Dirichlet density of Hecke eigenvalues in any sector whose angle is at least 2.64 radians.
Introduction
Let π be a unitary cuspidal automorphic representation for GL(2) over a number field F . We assume that it is of non-solvable polyhedral type, which means that it does not correspond to an Artin representation of dihedral, tetrahedral, or octahedral type. Associated to a finite place v where π is unramified, we have the multiset of Satake parameters {α v (π), β v (π)} and their sum is called the Hecke eigenvalue a v (π) of π at v.
One can ask about the distribution of the sequence (a v (π)) v . For example, in an appendix to [8] , J.-P. Serre asked if, for self-dual π, it can be shown that there are infinitely many Hecke eigenvalues greater than a given positive constant c (and similarly, if there are infinitely many Hecke eigenvalues less than a given negative constant c ). An answer to this was provided by Theorem 1.2 of [10] with c = 0.905 and c = −1.164.
In the case of when π is a non-self-dual, one approach to extending the question is as follows: For what angle θ can it be shown that there are infinitely many Hecke eigenvalues in any sector of that angle? Furthermore, given any such sector, for what c do we have infinitely many Hecke eigenvalues greater than size c?
A consequence of Theorem 1.3 of [10] is that this holds true for θ = π radians, with c = 0.5. In this paper, we will improve the value of θ to 2.64 radians and improve c to 0.592. Theorem 1.1. Let π be a non-self-dual unitary cuspidal automorphic representation for GL(2)/F , where F is a number field, that is of non-solvable polyhedral type. Then, for any angle φ we have that the following set of places {v | arg(a v (π)) ∈ (φ − 1.32, φ + 1.32)} has positive upper Dirichlet density. Furthermore, the subset of such places whose associated Hecke eigenvalue has a size of at least 0.592 also has positive upper Dirichlet density.
Asymptotic properties of certain Dirichlet series
In this section, we assume that the automorphic representation π is not self-dual, and also does not have a central character of order less than four.
Denote X = X(π) to be the set of archimedean places as well as places at which π is ramified. We wish to examine the asymptotic behaviour, as
We will use the functoriality results of Gelbart-Jacquet [2] , Kim-Shahidi [4, 5] , and Kim [3] , regarding the symmetric square, cube, and fourth power lifts of cuspidal automorphic representations for GL (2) . We also will need the bounds towards the Ramanujan conjecture of Kim-Sarnak [3] (in the rational case) and Blomer-Brumley [1] (for number fields).
2.1. k = 3. We consider incomplete L-functions of the form L X (s, π m × π n ) where m, n are non-negative integers and m + n = 3.
Using Clebsch-Gordan decompositions and the unitary of π, we obtain
where ω is the central character of π. Taking logs and using the bounds towards the Ramanujan conjecture [1, 3] 
as s → 1 + . Using a similar approach, we see that the same asymptotic behaviour also occurs for v a v (π) m a v (π) n N v −s for (m, n) = (3, 0), (1, 2) , and (0, 3). Therefore
since each of the four series on the right-hand side is bounded as s → 1 + .
k = 4:
Using the same approach as in the k = 3 case, we find that
Therefore, if π has central character of order (at most) two, then
as s → 1 + . If its central character is not of order two, then the series is bounded in that limit.
We also note that
where c(π) = 1 if π has central character ω of order (at most) two, and c(π) = 3/4 otherwise.
2.3. k = 6: Note that, for non-negative integers m + n = 6, the incomplete Lfunction L X (s, π ×m × π ×n ) can be expressed as
and also as
The first and third L-functions in equation 2.1 are either invertible at s = 1 or have a simple pole there. The second L-function is invertible at s = 1. Therefore, equation 2.1 either is invertible at s = 1, or has a pole of order 1, 4, or 5 there.
The third and fifth L-functions in 2.2 are either invertible at s = 1 or have a simple pole there. The rest are invertible at s = 1. Therefore, at s = 1 equation 2.2 is either invertible there or has a pole of order 2, 3, or 5.
So L X (s, π ×m × π ×n ) is either invertible at s = 1 or has a pole of order 5. In the latter case, this implies that ω 3−n = 1. If n = 3, then this implies that ω has order less than four, contradicting our assumption at the beginning of this section. If n = 3, then L X (s, π ×m × π ×n ) has a pole at s = 1 of order 5, and for all other values of n it is invertible at s = 1.
Taking logs and using bounds towards the Ramanujan conjecture, for any fixed angle φ ∈ [0, 2π), we find that
are the Satake parameters of π at v, and we have used that
due to the unitarity of π. Since
2.4. k = 8: For non-negative integers m + n = 8, we have
L X (s, Sym 4 π × Sym 4 π ⊗ ω −n ) has a simple pole at s = 1 when n = 4. If it has a pole for other values of n, then either it means that Sym 4 π admits a self-twist, or ω has order less than or equal to four.
For L X (s, Sym 2 π × Sym 2 π ⊗ ω 2−n ), we note that Theorem 2.2.2 of [5] states that for non-dihedral π, the adjoint lift of π admits a self-twist if and only if Sym 3 π is not cuspidal. However, we have assumed that π is not of solvable polyhedral type which means that its symmetric cube lift must be cuspidal, so its adjoint lift, and thus its symmetric square lift, cannot admit a non-trivial self-twist. If n = 4, the L-function has a simple pole at s = 1. For no other value of n can this be the case, unless n = 0, 8 and ω has order 4, otherwise it would imply that Sym 2 π admits a non-trivial self-twist.
For L X (s, ω 4−n ), recall that ω cannot be of order one, two, or three (by assumption), and so this L-function is invertible unless n = 4, or if n = 0, 8 and ω has order 4.
Finally, note that the last three L-functions are all invertible at s = 1. Now we consider
Given the unitarity of π, this is equal to
From the discussion above on the possible existence (and order) of poles at s = 1 of various L-functions, if we take logs and use the bounds towards the Ramanujan conjecture, we obtain that 2.3 (and therefore 2.4) is bounded above by
as s → 1 + .
Proof of Theorem 1.1
We begin with a lemma, which arises from adjusting the proof of Theorem 4.1 from [5] . First we recall that the upper and lower Dirichlet densities of a set S of places of a number field F are defined as
respectively, and note that these are equal if and only if the set has a Dirichlet density δ(S).
Lemma 3.1. Let Q = r/s ≥ 2 be a rational number, where r, s are positive integers. Then, for any unitary cuspidal automorphic representation π for GL(2) over a number field, we have
Proof. If π is of solvable polyhedral type, then we know that it corresponds to an Artin representation [6, 9] and therefore satisfies the Ramanujan conjecture, so the inequality holds. If π is not of solvable polyhedral type, we know that its adjoint and symmetric fourth power lifts are cuspidal. We construct the following isobaric automorphic representation
where α, β, γ are non-negative integers whose values will be determined later. Now
Define T (µ, t), for some automorphic representation µ and non-negative real number t, to be the set of finite places v at which |a v (µ)| > t. From [7] we know that
Choose α = 1, β = Q 2 − 1, and γ = Q 4 − 3Q 2 + 1 to get
3.1. Proof of main case. Here, we assume that π is not of solvable polyhedral type, and also that its central character is not of order less than four.
For a sequence (c v ) indexed by finite places v, a set S of finite places, and a non-negative integer t, in this subsection we will use the notation (s − 1) ) .
Given a non-self-dual cuspidal automorphic representation π, let
A := A(π) := {v | Re(a v (π)) > 0}
B := B(π) := {v | Re(a v (π)) ≤ 0}. Now set k := ls(A, Re(a v (π)), 1).
We fix some φ ∈ (−π, π] and define ls(S, t) := ls(S, Re(a v (π)e −iφ ), t) = lim sup (s − 1) ) .
We note the following identity: Given real-valued functions f, g and a point t ∈ R, we have lim sup 
Let us define
for some constant β ≤ 1. We will assume that δ(S) < 1/m, for some constant m. Note that We now want to choose α and β such that the upper Dirichlet densities of the sets S and T are bounded above by 1/260. In this case the equations 3.2 and 3.3 imply that (β = 0.4826, d = 0.4951) is a boundary case. We deduce that there are infinitely many places v ∈ A such that Re(a v (π)e −iφ ) ≥ ((3/4 − d)β) 1/4 = 0.5922.
Recall that Lemma 3.1 states that for Q ≥ 2 we have
The right-hand side is smaller than 1/260 when Q > 2.363. This implies that there is a positive density of places v such that a v (π) is in the region {z ∈ C | Re(ze −iφ ) > 0.5922, |z| ≤ 2.363}.
Note that cos −1 (0.5922/2.363) = 1.31748 radians (which is equal to 75.4862 degrees). This means that there is a positive density of places v whose associated Hecke eigenvalues whose argument is in the interval (−1.3175 − φ, +1.3175 − φ).
3.2.
Case of central characters of order two or three. We now assume that the central character ω = ω(π) of the cuspidal automorphic representation π is of order less than four (and that it does not have trivial central character since we assumed in Theorem 1.1 that it is not self-dual).
We are handling these cases separately since our bounds for the asymptotic behaviour of various Dirichlet series, such as the one on v Re(a v (π)) 6 N v −s , are less strong, and so would lead to a weaker result if we used the proof for the general case that is in the previous subsection.
Quadratic central character.
In this case, note that at a finite place v where π is unramified, we have the Satake parameters {α v (π), β v (π)} where their product is equal to 1 or −1. If the product is 1, then using that {α v (π) −1 , β v (π) −1 } = {α v (π), β v (π)} (as multisets), the sum must be real. If the product is −1, then the sum must be imaginary. Thus the Hecke eigenvalues all lie on the two axes of the complex plane.
Applying the techniques of Subsection 3.1 to the case of quadratic central character, one obtains the existence of a positive upper Dirichlet density set of primes whose associated Hecke eigenvalues lie in the region {z ∈ C | Re(z) > 0.5922} (note that the constant here could be made larger, but it is not needed for the proof of the theorem), and so these must lie on the line which has argument π/3 or −2π/3. If we assume that ζ 3 = e −2πi/3 then the same approach as above shows that the associated Hecke eigenvalue has an argument of 2π/3 or −π/3. (And if ζ 3 is unity, then the argument is 0 or π.)
If r = 1, then exp(−iθ) = exp(iθ ∓ 2πi/3), so θ = ±π/3 or ±4π/3 (where the sign depends on the choice for ζ 3 = exp(±2πi/3)). (And again if ζ 3 is unity, then the argument is 0 or π.)
We now apply the method of Subsection 3.1 to the cubic character case to obtain the existence of a set of primes of positive upper Dirichlet density whose associated Hecke eigenvalues lie in the region {z ∈ C | 0 + ψ < arg(z) < π + ψ, |z| > 0.5992} for any angle ψ ∈ [0, 2π). Applying this result for several suitable values of ψ, we see that any sector of angle greater than 120 • must contain a positive density of Hecke eigenvalues of size greater than 0.5922, which proves Theorem 1.1 in the case of cubic central character.
